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MOTIVATION
We want to have a realistic model of the H2 molecule.

We start from Hamiltonian (frame Hamiltonian) with all
one- and two-body interactions.

The main aims are to:

1. solve exactly the two-site Hamiltonian (frame Solu-
tion),

2. calculate the expressions for the microscopic param-
eters from the first principles (frame Microscopic Pa-
rameters),

3. optimize the single-particle wave-function to mini-
mize the energy,

4. calculate the electron–ion couplings (frame
Electron–proton coupling),

5. evaluate the zero-point motion (frame Results).

MICROSCOPIC PARAMETERS
The microscopic parameters ε = T11, t = T12, U = V1111,
J = V1212, K = V1122 and V = V1112 correspond to one–
and two-particle interactions

Tij = 〈wi| T |wj〉 ,
Vijkl = 〈wiwj | V12 |wkwl〉 ,

where in atomic units T = − 52 −2/|r − R|, and V =
2/|r− r′|.

Figs: Microscopic param-
eters ε, t, U , K, J and
V versus average interi-
onic distance R. Note
the convergence of the
intersite Coulomb repul-
sion K to the classical
value 2/R (dashed line) at
R → ∞. The on-site re-
pulsion U reaches also its
atomic limit Uat = 1.25 Ry,
whereas the hopping pa-
rameter t → 0. The ex-
change integral is always
ferromagnetic, and the
so-called correlated hop-

ping parameter is V < 0.
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HAMILTONIAN

H =ε (n̂1 + n̂2) + t
∑
σ

(
â†1σâ2σ + â†2σâ1σ

)
+ U

(
n̂1↑n̂1↓ + n̂2↑n̂2↓

)
− 2JS1S2

+

(
K − J

2

)
n̂1n̂2 + J

(
â†1↑â

†
1↓â2↓â2↑ + h.c.

)
+ V

∑
σ

[
(n̂1σ + n̂2σ)

(
â†1σ̄â2σ̄ + â†2σ̄â1σ̄

)]
,

ε is a single-particle energy, t the hopping parameter, U the on-
site Coulomb repulsion, K the inter-site Coulomb repulsion, J
the exchange integral and V the so-called correlated hopping.

We also use implicit form H =
∑

i ΞiÔi, where Ξi is sym-
bolic notation of any of the microscopic parameters and Ôi the
notation of the respective operator.

SOLUTION
Solutions of our electronic Hamiltonian are listed in the table below. For given interionic distance R, our procedure
requires us to minimize the energy Ei = Eei + 2

R with respect to α.
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i Eigenvector |i〉 Eigenenergy Ee
i

1 â†1↑â
†
2↑ |0〉 2ε+K − J

2 â†1↓â
†
2↓ |0〉 2ε+K − J

3 1√
2

(
â†1↑â

†
2↓ + â†1↓â

†
2↑

)
|0〉 2ε+K − J

6 1√
2

(
â†1↑â

†
1↓ − â

†
2↑â
†
2↓

)
|0〉 2ε+ U − J

+ (K−U−D)+4|t+V ||5〉√
2D(D−U+K)

2ε+ U+K
2

+ J + 1
2
D

− (U−K+D)|4〉+4|t+V ||5〉√
2D(D+U−K)

2ε+ U+K
2

+ J − 1
2
D

D =
√

(U −K)2 + 16 (t+ V )2, |4〉 =
√

2
−1
(
â†1↑â

†
2↓ − â

†
1↓â
†
2↑

)
|0〉,

and |5〉 =
√

2
−1
(
â†1↑â

†
1↓ + â†2↑â

†
2↓

)
|0〉.

Fig: The energy Ei versus intersite distance R. Clearly, the spin-singlet state |−〉 is the equilibrium state.

PARAMETERS EVALUATION
We choose the Slater 1s basis

Ψi (r) =

√
α3

π
e−α|r−Ri|,

where α is the inverse size of the orbital. To ensure or-
thogonality we use Wannier functions which in this case
reduce the superposition of the atomic states, i.e.,

wi (r) = β
(

Ψi (r)− γΨj (r)
)
,

with the mixing parameters β = 1√
2

√
1+
√

1−S2

1−S2 and γ =
S

1+
√

1−S2
, where S = S(α,R) ≡ 〈Ψ1| Ψ2〉 is the atomic

functions’ overlap.
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EVALUATION OF THE ZERO-POINT MOTION

We introduce the zero-point motion by extending the
Hamiltonian in terms of displacement δR

H → HδR = H+ δH+HZPM ,

where
〈δH〉 =

∑
i

ξiδR
〈
Ôi

〉
− 2

R2
B

δR,

where ξi = δΞi/δR are the coupling coefficients (see frame
Electron–proton coupling).

〈HZPM 〉 = 2
δp2

2MH−
+

9∑
i=2

1

i!
E

(i)
B δRi + o

(
δR10

)
,

where δp is the momentum of the H− ion with mass MH− .
We evaluate the value of δp from the Heisenberg prin-

ciple and we minimize 〈HδR〉with respect to δR.
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Fig: Averages of the operator part in Hamiltonian, calcu-
lated in the ground-state versus distanceR. They are of the
order of unity.

RESULTS
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Fig: The equilibrium energy versus
distance R.

We find the binding energy and distance

RB = 1.43017 a0,

EB = −2.29587 Ry.

We also evaluate the zero-point motion amplitude

|δR| = 0.189028 a0

and energy

EZPM = 0.024072Ry, ∆EZPM =
|EZPM |
|EB |

= 1.0485%.

ELECTRON–PROTON COUPLING
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Figs: Coupling constants ξε, ξt, ξU , ξK , ξJ and ξV versus
intersite distance R.
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